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1 In trodu ction
Suppose th a t  a scientist in possession of a q u an tu m  com puter is given a specific ta sk  like, 
for exam ple, apply ing  a ce rta in  o p era to r U to  an  in itia l reference s ta te  \R ) in order to  
o b ta in  th e  resu lting  s ta te
\Wu) =  U \ R ) . (1.1)
In  [1, 2] it was proposed to  define th e  quantum  com putational com plexity  (short complexity  
from  here on) of th e  o p era to r U by geom etric m ethods, defining a d istance m easure on 
th e  space of u n ita ry  op era to rs and  equ a tin g  th e  com plexity  of U , C (U ), as th e  (m inim al) 
d istance betw een U and  th e  iden tity  o p era to r according to  th is d istance function. E qu iv ­
alently, th e  com plexity  of \-fjj) w ith  respect to  \R ), C(\Wu) ,  \R )), could be defined to  be th e  
m inim al com plexity  of any o p era to r U 1 such th a t  \ ' fu ) =  U 1 \ R ) .1 T he idea behind  th is  is 
th a t  in o rder to  im plem ent th e  operation , th e  program m er of th e  q u an tu m  com puter would 
have to  subdivide U in to  a p ro d u c t of allowed universal gates th a t  im plem ent th e  operation  
step  by step , un til th e  en d -sta te  agrees w ith  th e  desired ou tcom e \Wu) a t least w ith in  a 
ce rta in  erro r to lerance. T his no tion  of com plexity  is m ean t to  count th e  m inim al num ber 
of gates th a t  th e  program m er would have to  u tilise even w hen using an  op tim al program . 
T his definition of th e  com plexity  would hence neccessarily depend  on th e  following explicit 
or im plicit choices (see also [3 , 4]):
•  A choice of th e  reference s ta te  \R ) ,  w hich often  is assum ed to  be a sim ple p ro d u c t 
s ta te , w ith o u t spacial en tang lem ent. T his should n o t  be confused w ith  th e  ground- 
s ta te  \0) of a given physical system .
1 U' might be equal to U, or it may be a more efficient operator in terms of complexity. Hence 
C(U) > C(U j^) , j^)) in general.
-  1 -
JH
E
P
05(2019)003
•  A choice of th e  se t  o f  allowed gates { ^ i }, such th a t  th e  operation  can  be decom posed 
as U ~  ^ 1^ 2^3 . . .  .
•  . . .  w ith in  a specified error tolerance  (in som e d istance m easure betw een U and 
^ 1^ 2^ 3).
S ta rtin g  w ith  [5- 7], th e  idea of co m p u ta tio n al com plexity  has begun to  see rising in te r­
est from  th e  A d S /C F T  com m unity. A ten ta tiv e  en try  to  th e  holographic d ic tionary  called
th e  volume proposal  was proposed and m otiva ted  in [6- 10]. A ccording to  th is, th e  com plex­
ity  C of a field th eo ry  s ta te  w ith  a sm ooth  holographic dual geom etry  should be m easured 
by th e  volum es V of ce rta in  spacelike ex trem al co-dim ension one bulk  hypersurfaces, i.e.
C k  l Gn ■ (L2)
w herein a leng th  scale L  has to  be in troduced  in to  equa tion  (1.2) for d im ensional reasons 
w hich is usually  picked to  be th e  AdS scale [9- 12].
In terestingly , co m p u ta tio n al com plexity  is no t th e  only field theo ry  q u an tity  th a t  has 
been proposed to  be holographically  dual to  th e  volum es of ex trem al co-dim ension one 
hypersurfaces in th e  bulk. In  [13], it was argued th a t  th e  volum e V of an  ex trem al space­
like co-dim ension one hypersurface is approx im ate ly  dual to  a q u an tity  G aa called f idelity  
susceptib ility  [14, 15] according to  th e  form ula
g aa =  n d L d  > (1 .3)
w here n d is an  order one factor, L is th e  AdS rad ius and  d determ ines th e  dim ension
such th a t  th e  AdS space is d +  1 dim ensional. G iven tw o norm alised s ta tes  |0(A )) and
|0(A  +  5A)) depending  on one p a ram ete r A, G aa is defined as2
| (0(A) |0(A  +  5A)) | =  1 -  G aaSA2 +  O (5A 3) (1.4)
and  m easures th e  d istance betw een th e  tw o s ta tes  in a sense, hence it m ay also be referred 
to  as th e  quantum  in form ation  m e tr ic  [16]. T he derivation  of (1.3) in [13] (see also [17, 18]) 
assum ed th a t  tw o s ta tes  |0(A )) and  |0(A  +  5A)) are  th e  ground s ta tes  of a theo ry  allowing 
for a holographic dual, and  th a t  th e  difference 5A is th e  resu lt of a p e rtu rb a tio n  of th e  
H am ilton ian  by 5A ■ O w ith  an  exactly  m arginal o p era to r O. T he bulk  spacetim e dual to  
th is  field theo ry  problem  is a Janus solu tion  [19, 20], b u t as shown in [13] th is  geom etry  
can  be approx im ated  by a sim pler spacetim e w ith  a probe defect b rane em bedded  in to  it, 
leading to  (1.3) . T his proposal has been utilised  for holographic calcu lations in [21- 24], 
and  our resu lts concerning changes 5V induced by infinitesim al conform al transfo rm ations, 
to  be derived in section 3 , m ay also have an  in teresting  physical in te rp re ta tio n  from  th e  
perspective of fidelity susceptibility, however in th is  p ap e r we will focus on bulk  volum es 
as a holographic dual to  co m p u ta tio n al com plexity.
2The name fidelity susceptibility derives from the fact that |(^(A)|^(A +  4A))| is called the fidelity.
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T he necessity to  include a lengthscale in th e  defin ition  ( 1.2) of holographic com plexity  
was considered u nsatisfac to ry  by some, and  so [11, 12] proposed th e  com peting  action  
pro p o sa l
w herein A  is th e  bulk  ac tion  over a ce rta in  (co-dim ension zero) bulk  region, th e  W heeler- 
D eW itt patch .
B o th  th e  volum e- and  ac tion  proposals for holographic com plexity  w here subsequently  
used for a num ber of holographic investigations. Specific top ics of in terest w here th e  
b o u n d ary  term s required  to  ca lcu late  th e  action  A  in (1.5) correctly  [25], th e  tim e de­
pendence of com plexity  [26- 31] (especially w ith  respect to  th e  so called L loyd’s bound, 
see however [32, 33]), generalisations of holographic com plexity  to  m ixed s ta tes  [4 , 34­
37], RG-flows [24, 38], th ree-d im ensional g rav ity  m odels [39 , 40] and  m any others. In te r­
esting  connections have been m ade betw een holographic com plexity  and  kinem atic  space 
approaches [37, 41] as well as Liouville theo ry  in two dim ensions [42- 45].3
T his am oun t of progress on th e  holographic side has also led to  increased efforts to  
provide b e tte r  and  m ore concrete definitions of q u an tu m  co m p u ta tio n al com plexity  in 
q u an tu m  m echanical or even q u an tu m  field theo ry  con tex ts [3 , 30, 42 , 43, 46- 52]. However, 
in th e  proposals ( 1.2) and  (1.5) for holographic com plexity  calcu lations it is no t clear w hat 
th e  relevant reference s ta te , ga te  set and  erro r to lerance are to  be. If one or b o th  of 
these proposals for holographic com plexity  are to  be correct, th en  these choices need to  be 
som ehow im plic i t  in th e  holographic dictionary.
T his is th e  m ain  m otiva tion  of our present work: we will, focusing on th e  volum e 
proposal ( 1.2) for now, ca lcu late  how th e  com plexity  of a given s ta te  of a two dim ensional 
conform al field th eo ry  (C F T 2) w ith  sm ooth  holographic dual changes u nder a conform al 
tran sfo rm atio n . Such conform al tran sfo rm atio n s can  of course be applied to  any tw o di­
m ensional C F T , irrespectively  of w hether th e  cen tra l charge is large or no t, or w hether th e  
C F T  satisfies any o th er requirem ent for having a holographic dual. Hence we believe these 
resu lts will be useful in th e  fu tu re  for com parisons betw een th e  holographic and  field theo ry  
proposals for com plexity, and  th is  m ay help to  e lucidate  th e  choices of gatese t, reference 
s ta te  and  erro r to lerance th a t  are im plicit in th e  holographic proposa ls.4
T he s tru c tu re  of our p ap e r is as follows: in section 2 , we will review how to  im plem ent 
a (sm all) conform al tran sfo rm atio n  in A dS3/C F T 2. T his will provide th e  general se tup  of 
our work and  fix th e  n o ta tio n . T hen , based on th e  volum e proposal ( 1.2) , we will ca lcu late 
in section 3 how holographic com plexity  changes u nder sm all conform al transfo rm ations. A 
few illu stra tive  exam ples will be discussed in section 4 , and  in section 5 we will investigate 
w hich co n stra in ts  our resu lts im ply on th e  reference s ta te  \R ) in th e  fram ew ork of a field 
th eo ry  proposal for com plexity  m ade in [47]. We close in section 6 w ith  a conclusion and
3Although a comparably young topic, the literature on holographic complexity has indeed grown to a 
considerable size by now. We apologize to everyone who feels they where unjustly left out above.
4See also [49, 53] for recent papers comparing results from the action- and volume-proposal and discussing 
what they may imply for a possible field theory definition of complexity.
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outlook. Some technical details ab o u t th e  im plem entation  of conform al transfo rm ations 
on th e  field theo ry  side will be presen ted  in append ix  A .
Note: while in th e  final stages of p reparing  th is  d ra ft, we becam e aw are of th e  upcom ing 
p ap e r [54] th a t  seems to  share some com m on ideas w ith  ours, however approaching  th e  top ic 
from  th e  field th eo ry  side.
2 G ravity  setu p
We consider th e  vacuum  s ta te  of a tw o-dim ensional C F T  w ith  a classical holographic dual. 
T he bulk  geom etry  is given by A dS 3 space which in th e  P o incare-patch  is w ritten  as
- \ 2
d s 2 =  — A d x +  ■ d x - , (2 .1)
4A2
w here A is our rad ia l coo rd ina te  and  x ±  =  t  ±  x  (—to  <  t , x  <  + to )  are th e  light-cone 
coord ina tes of th e  field theory. In  these coord inates, th e  bou n d ary  of AdS is a t A =  to  
and  th e  P o incare horizon a t A =  0. P lacing  a cutoff a t A =  1 /e 2 (e ^  0), it is possible 
to  holographically  ca lcu late  th e  ex p ecta tio n  value of th e  energy-m om entum  ten so r of th e  
b o u n d ary  C F T  by th e  m ethod  of [55], w hich gives a vanishing resu lt as expected.
A lthough E inste in -H ilbert g rav ity  in th ree  dim ensions is triv ia l in th e  sense of having no 
p ropoagating  degrees of freedom , th e re  is a surprising  num ber of vacuum  solutions which
were derived in [56] (see also [57]). T he reason is th a t  these solutions, called B anados
geom etries,  can  be derived from  (2 .1 ) by diffeom orphism s w hich are global in th e  sense 
th a t  th ey  act nontriv ially  near th e  boundary, such th a t  while th e  resu lting  m etric  is still 
asym pto tically  AdS in th e  ap p ro p ria te  sense, th e  holographic energy-m om entum  tenso r 
has changed. D espite all being locally isom etric to  A dS 3 in th e  bulk, these geom etries 
are hence du al to  different s ta te s  of th e  dual field th eo ry .5 In  [57], these transfo rm ations 
were hence term ed  solu tion  generating diffeom orphism s ( S G D s ), and  in th is  section we will 
explain  these tran sfo rm atio n s in detail, following th e  ou tline and  n o ta tio n  of [57].
In  o rder to  apply  a SGD to  th e  geom etry  described by (2.1) , we perform  a coord ina te  
tran sfo rm atio n 6
A =  G /+ ( x + ) G - ( x - ) , (2 .2a)
x+  =  G + (x + ), (2 .2b)
x -  =  G - ( x - ). (2 .2c)
5These states are generically time dependent, and can for example be used for studies of thermalisation 
or equilibration processes [58, 59]. See also [60- 62] for more detailed studies of such Banados geometries.
6 One virtue of the SGDs formulated in [56] was that they preserved a specific form of the metric tensor. 
As can be seen from equation (2.3), this is not the case for the SGDs as used in [57] and herein. As can 
be read-off from the holographic energy-momentum tensor (2.5), both types of SGD implement conformal 
transformations on the CFT-state. The apparent difference between the SGDs comes merely from the fact 
that the SGDs of [56] and the corresponding SGDs of [57] differ by a bulk-diffeomorphism that acts trivially 
at the boundary. We mostly follow the convention and notation of [57] as therein the authors also explicitly 
discuss how to implement such SGDs on two-sided black holes and thereby construct an infinite family of 
purifications of, e.g., the thermal state. We hope to investigate this class of solutions from the viewpoint 
of holographic complexity in the future.
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F ig u re  1. A conformal diagram of the Poincare-patch of AdS3. The vertical line is the asymptotic 
boundary while the two diagonal lines are the two Poincare-horizons where t  ^  ± ro . The two cutoff 
surfaces A =  1/e2 and A =  1/e2 are shown as dashed (red) and dotted (blue) lines, respectively.
T he m etric  in th e  tilted  coord inates is [57] 
d s 2 =  -A— d \ 2 — A d x +  ■ d x -  +  (A + d x +  +  A - d x - ) 2 +  A d \  ■ (A + d x +  +  A - d x - ) , (2.3a)
. 1 G ± " (x± ) (2
A± = — 2 c ± r n . ( 2 )
In  principle, general re la tiv ity  is invarian t u nder coo rd ina te  transfo rm ations. However, 
these SGDs fall off slowly a t th e  bo u n d ary  and  are asym pto tica lly  non-triv ial gauge tra n s ­
form ation . T he new cutoff is a t
A =  e 2 ^  A =  e2G + '( x + ) G _ '( x - ) , (2 .4)
w ith  th e  field th eo ry  U V -cutoff e. This shows th e  non-triv ia lity  of th e  coo rd ina te  tran sfo r­
m ation: in term s of th e  old coord inates, th e  cu toff surface is w rapped  and  different to  th e
one which describes th e  vacuum  s ta te  (i.e. A =  1 /e 2). T his is shown in figure 1.
We s ta rted  w ith  a C F T  s ta te  w ith  vanishing energy-m om entum  tensor. In  th e  deform ed 
sta te , w ith  th e  cutoff defined as in (2.4) , we have [57]
8 n G 3T ++  =  4G+ ,1 (3 G + "(x + )2 — 2G + '(x + )G + " '(x + )) , (2.5a)
8 n G 3T - -  =  )  ( 3 G -" (x - ) 2 — 2 G - I( x - ) G - Ill( x - )) , (2.5b)
4^j  (x )
8n G 3T + - =  0, (2.5c)
w hich is precisely w ha t we expect for th e  change of th e  energy-m om entum  ten so r afte r
apply ing  a conform al tran sfo rm atio n  to  th e  g ro u n d sta te , see app en d ix  A . T he SGDs hence
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im plem ent conform al transfo rm ations on th e  b o u n d ary  theory, which is also evident from  
th e  change of th e  induced m etric  of th e  cu toff surface u nder these transfo rm ations. In  field
th eo ry  term s, th e  conform al tran sfo rm atio n  w ith  functions G ± hence m aps th e  ground
sta te  | 0 ) to  a new s ta te
|^ (G + , G - ) )  =  U ( G + ) U (G - )  |0) (2 .6)
w ith  know n (com m uting) u n ita ry  op era to rs U (G +) and  U (G - ), see [57] and  ap pend ix  A
for an  explicit co nstruc tion  in th e  case of a sm all conform al transfo rm ation .
In  th e  following, we consider a sm all SGD, i.e.
x+  =  G + (x + ) =  x+  +  u  g + ( x + ), (2.7a)
x -  =  G - (x - ) =  x -  +  u  g - (x - ), (2.7b)
w ith  th e  expansion p a ram ete r u  ^  1. T he m etric  defined by th e  line elem ent (2.3) can
th en  be expanded  in orders of u  and  we find
d s 2 =  -A------ Adi2 +  Adx2
4A2
2 A
g+ (i +  x) +  g -  (i — x) j  d i +  (g+  (i +  x) — g -  (i — x) j  dx - a +  O (u 2) 
(2.8)
w here we have sw itched from  lightcone coord inates x ±  to  s tan d a rd  coord inates i, x  on th e  
boundary. T he com ponents of th e  energy-m om entum  tenso r read
2 ( )
8n G 3T++ =  — 2  g + /" (x + ) +  y  (3g+" ( x + )2 +  2g + /(x + )g+"/(x + ) ) +  O (u 3 )  (2 .9a)
2 ( )
8n G 3T - -  =  — 2 g - ///(x - ) +  y  (3 g - //(x + ) 2 +  2g - /(x + )g + ///(x - )) +  O (u 3), (2.9b)
8n G 3T + - =  0. (2.9c)
For la ter, it will be convenient to  in troduce th e  Fourier transfo rm s of th e  functions g±:
g + (x + ) =  J  d£ g+(£) e x p (—2n i  ■ x+  ■ £) =  J  d£ g + (—£)e2ni?t e x p (+ 2n i£  ■ x ), (2 .1 0a)
g - ( x - ) = /  d£ g - (C )e x p (—2n i  ■ x -  ■ £) =  /  d£ g - ( —£)e2ni?t ex p (—2n i£  ■ x ). (2 .10b)
In  th e  following, we will always assum e th a t  g± falls off to  zero tow ards infinity and  are 
bounded. As a consequence of g± being real, th e  Fourier transfo rm s have to  satisfy
g± (£) =  g ± (—£). (2 .1 1 )
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3 C om p lex ity  =  V olum e
In this section we calculate the complexity of states (2.6) for small conformal transfor­
mations (2.7) using the Complexity =  Volume (CV) proposal (1.2) . For this, we have to 
calculate the maximal volume of a co-dimension one spacelike slice with fixed boundary 
conditions, i.e. we have to maximize
V =  J  d A d x ^ j  (3.1)
with the determinant of the induced metric ^/y depending on the embedding function 
t(X, A). This spacelike slice is anchored at the boundary at a constant time slice of the 
coordinates X± =  t ±  X. For a small conformal transformation, we can expand the em­
bedding7
A(X, A) =to +  at\(X, A) +  a 2t 2(X, A) +  . . .  . (3.2)
Just as the metric functions (2.10) , we can write the embedding function ti as an (inverse) 
Fourier transform
M x ,X) =  /  d{ ! (« ,A )e x p ( 2n >{x ). (3.3)
— ̂
W ith  (3.2) , we can  now expand th e  in tegrand  of (3.1) in orders of a , and  th e  lowest 
non triv ial o rder leads to  equations of m otion  for t \ ( x ,  A) of th e  form
8A3t i (0,2) ^x, Â  + 20A2t i (0,1) ^x, A ^+ 2t i (2’0) ^x, Â  =  —g+ (x + t0)—g - (to—x ) , (3.4a)
8A3t (0’2) (¢, A )+ 20A2t (0’1} (¢, A) - 8n 2e2t  (¢, a )  =  4n2£2 (g + (-£ )e 2in«t0 + g -(e )e - 2in«t0) .
(3.4b)
Therefore, we have a second order partial differential equation for the Fourier coefficients 
t  The boundary conditions are the fixed behaviour at the asymptotic boundary (i.e. 
lim ^oo  t 1 =  0) and at the Poincare-horizon at A =  0 we demand tha t t 1 does not diverge 
to keep the perturbative expansion meaningful. This would mean that the embedding 
function t 1 does not leave the Poincare-patch through one of the null-segments of the 
Poincare-horizon in figure 1, but instead goes into the corner on the left hand side of the 
figure.8
7For a  =  0, the metric (2.8) is just the Poincare metric, and the appropriate embedding for a maximal 
volume slice anchored to  a constant time-slice on the boundary is ju st given by t  =  to.
8One can avoid the problem of having to  specify boundary conditions at the Poincare-horizon altogether 
by mapping the problem to global AdS and solving the equations for the embedding there. Then, it would 
suffice to  give Dirichlet boundary conditions at the full boundary circle of global AdS.
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Using these conditions to solve (3.4b) , we obtain a piece-wise smooth result 9
) +  e ^  j  (g_ (e)e-2in«t0 +  g+ (-£ )e 2-« t0) . (3.5)
Now, let us turn to the volume. Expanding (3.1) up to second order in a, we obtain 10
V =  V \a=0 +  a 2V(2) +  O (a3) (3.6)
„ - 1 1 /  - 2n|s|
t (e, A) =  ( 2  (̂ e - 1
with
(3.7a)
= n3 J  d£ \£\3 (g+(e)e-2in«t0 +g—(-£)e2in«t0) GM£)e-2in«t0 +g+ (-£)e2in«t0) , (3.7b)
— TO 
TO
= n3 J  de \e\3 |g—(e)e—2in«to+g+(-£)e2in«to |2 > 0, (3 .7c)
—TO
where we used the properties of the Fourier transforms (2.11) in the last step.
We can already point out the following observations: first of all, we see that the change 
in complexity a  V(2) (see (1.2)) due to the operators U being applied to the groundstate is 
always independent of the cutoff e, i.e. UV finite.11 Secondly, in contrast to V\CT=0 which 
also receives a divergent contribution dx =  Vol(R), this result will be finite due to 
our assumptions on the boundedness and the falloff conditions at infinity of g±. Thirdly, 
we find
C(U(g+)U(g_) \0), \R)) >  C(\0), \R)) (3.8)
for any g±. So any U(g±) (with small a) applied on the groundstate \0) (described by the 
Poincare-metric) will only increase the complexity with respect to the reference state. We
9In all our calculations, we implicitly assume th a t the functions g± fall off to  zero towards infinity and 
are sufficiently well behaved for integrals to  be finite and to  interchange integration order or integration 
and differentiation where necessary. Note th a t for all the specific examples to  be discussed in section 4 , it 
is possible to  analytically calculate the embedding + ( + A) and confirm th a t the equation (3.4a) as well as 
the boundary conditions and (3.7) are satisfied.
10The first-order term  is
where the first term  vanishes because of extrem ality of the Oth-order embedding in the Poincare-metric. 
It directly follows from this th a t the second-order term  V(2) only depends on the first order term s in the 
changes of embedding and metric.
11In the term s of [63], the complexity of formation is finite.
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7 ~ 7  r \ / i  ~ ~ ~ u  (i,o)(x 3̂ 2■
V(2) =  J  dA J  d x  2“ 31(0,1) (x, A) (g— ( to - x ) + g ' l  ( to + x ))-A 5/ 2t 'i(0’1) (x, A)2---------- - 3 ----  ,
0 —to *- -*
V(i) =  -V • ti +  • g± = 0 ,
7 = 0 -̂ ff± 7 = CQ
0 0
F ig u re  2. The space of states with the reference state \R), the groundstate |0) and the state 
\'^u) =  U |0) for the generator U of a small conformal transformation. The red dashed lines signify 
the complexities of the states \^u) and \0) with respect to the reference state |R).
hence see th a t  am ong th e  geom etries (2.8) in a neighbourhood around  th e  g ro u n d sta te , th e  
g ro u n d sta te  is th e  least com plex w ith  respect to  th e  reference s ta te  \R ). T his resu lt has 
an  in teresting  physical in te rp re ta tio n : th e  op era to rs U  only m ap  s ta tes  w ith  sm ooth  du al 
geom etry  to  o th er s ta tes  w ith  sm ooth  dual geom etry. However, it is com m only assum ed 
th a t  th e  reference s ta te  \R ) will be a s ta te  w ith o u t sp a tia l en tang lem ent, and  such s ta tes  
canno t have a sm ooth  dual geom etry  [64]. So in th e  to ta l space of s ta tes, th e  s ta tes  of th e  
form  U (g + )U (g - ) \0) in a neighbourhood of \0) form  a set in w hich \0) locally m inim ises 
th e  com plexity  w ith  respect to  th e  reference s ta te . See figure 2 for an  illu stra tive  sketch of 
th e  space of sta tes.
T he way in which com plexity  is defined as a d istance m easure betw een s ta tes  can  be 
very a b s tra c t and  does no t need to  em ploy a R iem ann ian  m etric, for exam ple it m ay also 
be based on F inslerian  geom etry  [1, 2]. In  fact, a lthough  one would com m only assum e th a t  
for a d istance m easure D  betw een s ta tes  $  and  ^  th e  sym m etry  p ro p erty  D ($ , ^ )  =  D (0 , ) 
has to  be satisfied [10], it was suggested in [50] th is  requirem ent m ight have to  be abandoned 
for definitions of com plexity. E .g. one could im agine defining th e  com plexity  w ith  respect 
to  a gate-se t th a t  includes a given gate, b u t no t its inverse. T hen , op era to rs will in general 
no t have th e  sam e com plexity  as th e ir  inverse operato rs. F urtherm ore , we consider th e  
d istances D ( U \0 ) , \R ))  and  D (U t \0 ) , \R )) betw een sta tes, which differ in general from 
each o th e r even if th e  com plexities of th e  op era to rs U and  U t agree. However, from  the  
resu lt (3.7) it is evident th a t  V(2) is invarian t u nder g± ^  —g±, which to  first o rder in 
a  corresponds to  U (g±) ^  U t (g ± ), see append ix  A . So, assum ing th e  volum e proposal, 
w hen applied to  th e  vacuum  s ta te  \0) th e  tw o op era to rs U (g±) and  U t (g±) lead (a t least to  
leading order in a)  to  a change of com plexity  by th e  sam e am ount. T his m ay no t be tru e  
w hen these op era to rs are applied  to  generic s ta tes  or w hen higher orders of a  are tak en  
in to  account.
O ne of th e  few kinds of geom etric in tu itio n  th a t  we can  likely rely on w hen dealing 
w ith  com plexities is th e  triangle inequality  [1, 2]
C ( U (g + )U (g -)  \0 ) , \R )) <  C (U (g + )U (g -) \0 ) , \0)) +  C (\0 ) , \R )), (3.9)
hence
a 2 V(2)C(U(g+)U(g- )) > C(U(g+)U(g_) \0), \0)) > C(U(g+)U(g_) \0), \R ))—C(\0), \R)) «  .
(3.10)
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So if th e  p ro p o rtio n ality  facto r in equa tion  (1.2) could be fixed, our resu lts would lead to  
q u an tita tiv e  lower bounds on th e  com plexities of th e  field th eo ry  op era to rs  U . However, 
as we see from  (3.6) , th e  righ thand-side  of th e  above bound  will be of o rder a 2, while for
sm all a  th e  change of th e  s ta te  due to  th e  ac tion  of U (g±) will be of o rder a,  and  hence we
would in tu itively  assum e th a t  C ( U (g + )U (g_)) and  C ( U (g+ )U (g- ) |0 ) , |0)) will be of order 
a  also. If th is  is tru e , th e  bound  of (3.10) is no t very stric t. I t  w ould be in teresting  to  
ex tend  our stud ies to  op era to rs U being applied to  general B anados geom etries w ithou t 
th e  need of tak in g  a  sm all, however we leave th is  for th e  fu ture .
T he resu lt (3.7b) can  be rew ritten  suggestively as tw o tim e-independen t pieces, which 
only depend on g+ or g_ , and  a tim e-dependen t m ixed te rm
V(2) =  V(2),pure(g+ ) +  V(2),pure(g_ ) +  V( 2 ) , m i x e d g _ ), (3 .11a)
V(2),pure(g) =  J  d£ |£ |3 ■ iK- ^ ^  (3 .11b)
V(2),mixed(g+ ,g _ ) =  d£ |£|3 ' g+ (C)g_ (C)e _ 4in?t° . (3 .11c)
T he reason why th is  is in teresting  is th a t  th e  energy-m om entum  tenso r of th e  tw o-dim en­
sional C F T  can  be un d ers to o d  in term s of left- and  right-m oving m odes. S etting  e ither
=  0 or g_ =  0 will hence resu lt in a configuration w ith  tran s la tio n a l invariance in one 
of th e  light-cone coord inates X±. As we in teg ra te  over th e  sp a tia l d irec tion  X to  o b ta in  
th e  holographic com plexity, th e  resu lt for th e  change in com plexity  will th en  be tim e- 
independen t and  given by e ith e r V(2),pure(g+) or V(2),pure(g_) in (3.11a) . If b o th  g±  =  0, 
we get a tim e-dependen t result.
T he resu lt (3.11) allows for som e general insights in to  th e  behav iour of V(2) under 
sim ple m an ipu la tions of th e  functions g±. For exam ple, we find th a t  u nder rescalings of 
argum ents, g± (x ) ^  #±(Ax) ^  g±(£) ^  |X| g± (£ /A ),
Vpure  ̂A Vpure (3 .12a)
Vmixed  ̂A Vmixed |t°^A t°. (3 .12b)
A no ther in teresting  th in g  to  look a t is w ha t happens u nder ad d itio n  of functions g±, 
as a t first o rder in a  th is corresponds to  carry ing  o u t tw o sm all conform al transfo rm ations 
a fte r each o th e r (see append ix  A .3) . We o b ta in
V(2),pure(g +  ! )  =  V(2),pure(g) +  V(2),pure( / ) +  2 n ^  d £ |£ |3 g (-£ )f (£ )  (3 .13a)
V(2),mixed(g + +  / + ,g _ +  / _ ) =  V( 2 ) , m i x e d +  V(2),mixed(/ + , / _ )
+  V(2),mixed(/+,g _ ) +  V( 2 ) , m i x e d / _ ) . (3 .13b)
In  th e  nex t section, we will proceed to  pick some illu stra tive  exam ples of g± w hich allow 
for p a rticu la rly  sim ple ana ly tica l expressions to  be derived for H(X, n ) and  V(2).
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Figure 3 . F irst order te rm  in u  (as in (2.9)) of the  energy density E (t,x )  =  T ++(t +  x) +  T  (t — x)
for example 1 w ith a± =  c± =  1. This picture can be in terpreted  in term s of two wavepackets, one 
moving to  the left and one moving to  the  right a t the speed of light.
4 E xam ples
Exam ple 1. To begin, let us choose12
(4.1a)
(4.1b)
where a± are positive. These functions have the virtue of allowing for comparably simple 
analytic expressions. Furthermore, they fall off towards infinity like a power law and hence 
describe wavepackets which are approximately localised, see figure 3.
For the first order correction to the embedding in (3.2) , we find
which nicely displays the structure derived in (3.11a) . The mixed term V(2),mixed is shown 
in figure 4.
' For simplicity of notation, we will drop the tildes over the coordinates in this section.
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g+ (* + ) =  «  g + « ) = c +  ̂ ' n ,
g -  ( x - )  =  - T ^  «  g - («)=C - e -2 a -" £'n ,
2^A  ((to — x ) 2 — —2 ) — Aa_ ( - 2  — 3(to — x )2) — a_
t i  (x, A) =  c - ---------------------------- —  -------- ------------------------ --------r—
2 ( a -  +  ( t0 — x )2) \ 2 a - ' J \  +  A ( a -  +  (t0 — x )2) +  l j  2
+ c 2 ^A  ((to +  x ) 2 — a+ ) — Aa+ (a+  — 3(to +  x )2) — a+  (42 )
I C+ /   \ (4*2)
2 (a+  +  (to +  x )2) ^2a+ \/A  +  A (a+  +  (to +  x )2) +  l j  2
and  th e  correction  to  th e  volum e is given by
  2 3n | 2 3n | C-C+ 3n ( l 6 4 — 24t^ +  l ) _  to
(2) C+  ̂ 64a+ C-  ̂6 4 a -  (a+  +  a - ) 4  ̂ 2 (4 t2 +  l ) 4 wi ° a+  +- a -  ’
(4.3)
Figure 4 . P lo t of the term  V( 2 ) , m i x e d (g+ , g - )  for example 1, respectively —V( 2 ) , m i x e d (g+ , g - )  for 
example 2. For t o ^  ± ro , V( 2 ) , m i x e d (g+ , g - )  ^  0.
Exam ple 2. Using instead
we obtain the embedding 
ti  (x, A ) =  —c-
(to — x) ^—4a— VA +  A (—3a— +  (to — x)2) — 1^
2 (a— +  (t0 — x)2) ^2a— VA +  A (a— +  (t0 — x)2) +  1  ̂ 2
(to +  x) f —4a+ VA +  A (—3a+ +  (to +  x )2) — 1̂ )
— c+---------------- ^ ? (4.5)
2 (a+ +  (to +  x )2) ^2a+\/A +  A (a+ +  (to +  x )2) +  1j 2
and the volume change
  2 3n | 2 3n C-C+ 3n (164  — 24t  ̂+  1) _  to
(2) C+ 64a+ C— 64a— (a+ +  a —)4 2 (4t^ + 1)4 Wi “ a+ +  a — ’
(4.6)
Interestingly, this is identical to the result (4.3) up to a sign change in the term V(2),mixed(g+, 
g—). See figure 4 for a plot of this quantity.
Interestingly, we see that V(2),mixed(g+,g—) ^  0 as to ^  ± ro . The physical reason for 
this appears to be that the wavepackages of left and right moving modes propagate away 
from each other in this limit and have increasingly little overlap due to the falloff of the 
functions g±(x±) on a constant time slice. The larger the separation of these wavepackages, 
the less they influence each other, and in the limit to ^  the change in complexity V(2)
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9+ (x + ) =  — 2 C+X , , 2 ^  9 + (0  =  - i c + e 2“+n|?|nsgn({) (4.4a)
a+  + (x+)
9 -  (x - )  =  — 2 C-X 2 ^  9 - ( 0  =  - i c _ e - 2“- n|?|nsgn({), (4.4b)
a _  + (x_ )
becomes the sum of the complexity changes due to each individual wavepackage:
lim V (2) ^  V (2) ,pure (g + ) +  V (2),pure(g - ) - (4.7)
Another noteworthy feature of the time-dependent contribution is tha t V(2),mixed(g+, 
g- )dto =  0, which is a generic consequence of (3.11c) for sufficiently well-behaved g±. This 
means tha t the time-average of V(2) is also given by the sum on the right-hand side of (4.7) .
These additivity properties are interesting in the light of the axiom G3 proposed 
in [47], which qualitatively states tha t the sum of the complexity of two independent tasks 
should be the sum of the complexities of each individual task. For non-zero functions g±, 
the conformal transformation on the CFT state is implemented by the two commuting 
operators U(g+) =  UL and U(g- ) =  U r, as there are two copies of the Virasoro algebra. 
By G3 of [47], we would hence expect
C(Ul Ur ) =  C (Ul ) +  C (Ur ). (4.8)
However, due to the triangle inequality (3.9) and the inequality explained in footnote 1, this 
does not translate directly into a statement about the complexities of the states ULUR \0), 
so the fact that the additivity of (4.7) does not hold for finite times is not inconsistent.
E x a m p le  3. As a final exam ple, we m ay look a t
which yields
, ,  2 , 2 c_c+  12^  ( l  -  4t 2a) to
V<2> = c+ • 6 4 <  +  c_ • 6 4 W  -  (a+ +  a_)4  • (4ta +  1 ) 4 w lth  t a =  ' (4 ' 10)
(4.9a)
(4.9b)
The time-dependent part V(2),mixed(g+ ,g- ) of this expression is plotted in figure 5. As 
before, this quantity vanishes in the limit t0 ^  ± ro .
5 C om parison to  field th eory  ansatz
In this section, we will compare our results to a field-theory complexity proposal made 
in ArXiv version 1 of [47] and [65].13 There, it was proposed tha t axiomatic complexity 
between two pure states 0 ) and \02) could be defined via their fidelity as
C (01,02) =  —2ln(\ (0i\02) \). (5.1)
Irrespectively of whether this proposal is the correct result for the field theory dual of 
holographic complexity (see the discussion in [47], [65]13 and, however, [27, 66] for arguments
13See also ArXiv version 1 of [47].
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g+ (x + ) =  2 c+x  + , 2 »  9 + ( 0  =  *c+e 2a+n|5|n sg n ({ )
a+  +  (x+)
g_ (x _ ) =  a - c- — _ ^  g_(£) =  c _ e _ 2a-n |? |n ,
V ; a_  +  (x _ ) 2
F ig u re  5. V(2),mixed(g+, <?- ) for example 3.
as to  why th is would no t be a good m easure of com plexity  in th e  sense of circuit com plex ity ), 
we will use (5.1) as an  easy to  w ork w ith  toy-m odel for field th eo ry  com plexity, and  we will
derive th e  non-triv ial co n stra in ts  on th e  reference s ta te  |R ) th a t  our resu lts of section 3
im ply w hen tak en  to g e th er w ith  (5.1) .
F irs t of all, for sm all a , we expand  th e  o p era to r generating  a conform al tran sfo rm a­
tio n  as
U (a ) w 1 +  a U \  +  a 2U2 +  . . .  (5.2)
w ith ,14
aU i =  L, a 2U2 =  1 L 2 +  B. (5.3)
We are im plicitly  still m aking th e  assum ption  th a t  th e  functions g ± (x ± ) on w hich these op­
e ra to rs  will depend  are sm ooth  and  well behaved enough to  allow for all th e  m an ipu lations 
perform ed in th e  earlier sections of th e  paper, i.e. for all in tegrals to  converge etc. T he 
op era to rs  U1 , U2, L  and  B hence s tan d  for a large fam ily of op era to rs w hich are dependen t 
on a choice of functions g ± (x ± ) which is a rb itra ry  to  a degree w ith in  these lim itations. We 
can  now expand 15
< R |U (a ) |0 ) w <R|0 ) +  a  <R |U i|0) +  a 2 <R|U2 |0 ) . . .  (5.4)
14Where, from appendix A, specifically section A.4, we take 
L =  a J dx g+(x) • T++(x),
B =  - a 2 f f  dxidx2 g+ (xi)g+(x2) • T++(xi +  x2).
For these, we have L  =  -L , B { =  -B .
15Here we explicitly assume that the reference state \R) is a pure state. This might not be necessarily 
true, we thank Keun-Young Kim for discussions on this issue, see also [47]. In the main results of this 
section, such as (5.12) for example, we can however re-generalise to a mixed reference state by making the 
replacement |R) (R| ^  pR.
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For th e  fidelity, th is  th en  yields
| < R |U ( .) |0 ) |2 =  < R |U ( .) |0) ( 0 |U V ) |R }
with
= Ao + aAi + ct2A2
Ao =  <R|0} <0|R},
Ai =  <R|0} ( 0 |U + |R  +  <0|R} <R|Ui|0},
A2 =  <R|0} ^0|U2fR  +  <0|R} <R|U2|0} +  ^ 0 |u t |R )  <R|Ui|0}. 
Plugging this into (5.1) , we find
C (U(a) |0}, |R}) =  -  log (|<R |U (a)|0} |2)
~  — log (Ao +  aA 1 +  a 2A2)
(5.5)
(5.6)
(5.7)
(5.8)
log(A„ ) -  +  Ą 1  ( A )  -  A a Y (5.9)
We are now in a position to compare (5.9) to our results obtained in the earlier sections 
assuming the holographic volume proposal (1.2) . Most importantly, (3.6) seems to show 
tha t the first order term —a s h o u l d  vanish in (5.9) . However, if (5.1) is to hold in the 
case of a continuum field theory, we have to be careful about the appearance of the UV 
cutoff e ^  1. Holography shows [36]
C ( |0 ) , |R )) -  1  »  1. (5.10)
We argued that complex phases should not affect the value of complexity, and this is 
certainly true in the proposal (5.1) . So without loss of generality, we can choose the 
complex phase of |R} such that
| <R |0 ) | =  <R|0 ) =  <0 |R ) =  e _ 1 C(|0>>|R» -  e - t . (5.11)
Due to the exponentiation in the last step, it is conceivable tha t some of the terms in (5.9) 
might not vanish, but still be nonperturbatively small, and might hence not be captured by 
a holographic calculation as done in the previous sections. However, the vanishing of the 
first order term in (5.9) is not only implied by (3.6) , but also by the general expectation 
tha t the complexity change due to U or the inverse Ut being applied to the ground state 
|0} should be identical, at least up to second order (see section 3 and also [47]). We hence 
obtain
A  =  0 «  R e f  <°'R >(R 'U i '0^  =  0 .
A 0 V <0|R} <R |0} )
(5.12)
This is the first and most important condition on the reference state |R} that we derive in 
this section. It should hold for any sufficiently well behaved choice of g±(x±), and hence 
represents an entire class of restrictions on the reference state.
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We now tu rn  our a tten tio n  to  th e  second order te rm  in (5.9) :
A \  A 2
2 A  -  A 0 .
A ssum ing (5.12) , th is simplifies to
(5.13)
A2 =  2R ( (0\R)(R \U 2\0)\ + ( 0\U1t \R (R \U1\0) 
Ao e V <0\R)(R\0) )  + <0\R)<R\0)
—2Re(<0\R) <R\U2\0)) +  \<R\U1\0)\ 2
<0\R) <R\0) ' (5.14)
As argued above, we expect the complexity change induced by acting on the ground-
state with
U w  1 +  +  B  + 1 L 2 +  . . .  (5.15)
=<T2U2
to  be identical to  th e  com plexity  change induced by ac ting  on th e  g ro u n d sta te  w ith
U f w 1 —- C - B  + 1 L 2 +  . . . .  (5.16)
=<T2U2
This implies
(  <0\R ) (R \B+ 1 £2 \° ) \  +  \ <R\£\0) \2 _ 2Re ( <0\R ) (R \—B+ 1 £ 2\0) \  +  \<R\—£ \0 )\2 
^ <0\R)<R\0) )  + <0\R)<R\0)“  ^ <0\R)<R\0) ) +  <0\R)<R\0)
(5.17)
-  Re (  1 =  0 . (5.18)V <0\R)<R\0) )  ( )
As the condition (5.12) is supposed to hold for any reasonable choice of function g±, and 
as otherwise the two operators £  and B have a similar structure (see appendix A) , (5.18) ac­
tually follows from (5.12) . Reversing the above reasoning, (5.17) is hence implied by (5.12) , 
too. Consequently, the second order term in the complexity change only depends on the 
term ~  £ 2 in the expansion of the operator to second order, and not the term ~  B, as may 
have been anticipated from the discussion in section 3.
Consequently, in (5.14) , the positivity of our result (3.7) and its independence of the 
UV cutoff imply
—2Re ( <0\R) ^R \ 1 £ 2\ 0 ^  > \ <R\£\0) \2, (5.19)
2 Re ^ <0\R) ^R \ 1 £ 2\ 0 ^  +  \ <R\£\0) \2 ~  —e-C(|0),|R)). (5.20)
These appear to be non-trivial conditions on the reference state \R). We leave it for 
future research to investigate these conditions and the possible reference states tha t satisfy 
them in more detail.
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6 C onclusion  and outlook
To sum m arise: based on th e  volum e proposal (1.2) for holographic com plexity, and  th e  
so lution generating  diffeom orphism s explained in section 2 for sm all u , we have calcu lated  
explicit and  general form ulas (3.7) , (3.11) for how holographic com plexity  changes when 
such transfo rm ations are applied  to  th e  ground s ta te  in section 3 . We have also pointed 
o u t a num ber of non triv ial ana ly tic  p roperties  of these expressions, such as th e  form ulas 
for scaling (3.12) and  th e  ad d itio n  (3.13) . In  section 4 , we stud ied  a couple of explicit 
and  analy tica lly  solvable exam ples which exem plify th e  generic resu lts of section 3 . Also, 
in (4.7) we poin ted  ou t th e  in teresting  p ro p erty  of ad d itiv ity  of b o th  th e  late  tim e results 
and  th e  tim e-average of th e  change in com plexity  w hen using conform al transfo rm ations 
th a t  m ake use of b o th  copies of th e  V irasoro group.
T he m otiva tion  behind  our investigations was th e  idea th a t  if holographic com plexity  
is really  a m easure of a field th eo re tic  concept of com plexity  along th e  lines explained in 
section 1, th en  th e re  have to  be some im p lic i t  choices of e.g. ga tese t or reference s ta te  
associa ted  w ith  it. W hen  com paring  our resu lts to  how com plexity  changes u nder sm all 
conform al tran sfo rm atio n s in field th eo ry  proposals for com plexity, th is  m ight help to  shed 
light on th e  choices th a t  are im plicit in th e  holographic proposal. We s ta rted  w ith  some 
pre lim inary  work in th is  d irec tion  in section 5 . In  th is con tex t it is im p o rtan t th a t ,  of 
course, conform al tran sfo rm atio n s are som eth ing  th a t  can  be stud ied  in any  C F T , not 
only strongly  coupled or large c ones w ith  a classical g rav ity  dual. T his should m ake a 
com parison w ith  field th eo ry  resu lts easier in gen era l.16
L et us close w ith  an  ou tlook  on in teresting  investigations th a t  m ay now follow. F irstly , 
it would obviously be of g reat in terest to  s tu d y  how com plexity  changes u nder conform al 
tran sfo rm atio n s according to  th e  field th eo ry  prescrip tions of e.g. of [3 , 42 , 43 , 46, 48- 50] 
and  com pare th e  resu lts to  th e  ones presen ted  in th is  paper, as well as continue th e  work 
on th e  proposal of [47], [65]13 s ta rted  in section 5 . Similarly, it would be in teresting  to  
com pare these resu lts to  sim ilar resu lts th a t  could be gained from  th e  holographic action  
proposal (1.5) .17
Secondly, an o th er w orthw hile d irec tion  m ay be to  s tu d y  th e  effect of (infinitesim al) 
conform al tran sfo rm atio n s on subregions of th e  dual C F T 2. W hen ac ting  w ith  such a 
sm all tran sfo rm atio n  on th e  g ro u n d sta te , th e  resu lting  energy-m om entum  ten so r (2.9) will 
necessarily v io late th e  null energy condition  (N EC) som ew here .18 T his is no t p roblem atic, 
as in holography th e  dual field th eo ry  is a quantum  field theory, and  it is well known th a t  
q u an tu m  effects can  lead to  a v io lation  of th e  N EC . In  fact holography has been used as
16Note: after the first version of this paper was released, a proposal was made in [67] for a complexity-like 
field-theory quantity dual to bulk volumes, and in fact that paper found precise agreement with our results.
17Note: after the first version of this paper was released, the calculation of complexity change under 
conformal transformations according to the action proposal was completed and published in [68]. There, it 
was shown that the behaviour of the action proposal under such transformations is qualitatively different 
from the volume proposal, and that certain field theory candidates for definitions of complexity cannot be 
dual to holographic complexity via the action proposal.
18Due to the assumption that g± ^  0 asymptotically, its third derivative cannot be non-positive every­
where, so for a  C  1 (2.9) implies T±± < 0 for some x±.
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a too l to  stu d y  such N EC  violations on th e  bo u n d ary  in th e  past. Now, ou t of phyiscal 
in tu ition , it m ight be in teresting  to  ask w hether subregions in w hich th e  N EC  is v io lated  
have a larger or lower com plexity  th a n  sim ilarly  sized and  shaped  ones in which th e  average 
energy is positive.
T hirdly, one could holographically  ca lcu late  th e  com plexities of th e  s ta tes  correspond­
ing to  th e  tw o sided black holes stud ied  in [57], i.e. B T Z  black holes to  which a solution 
generating  diffeom orphism  was applied  on one or b o th  of its sides. T his way one generates 
an  infinite set of purifications of th e  th erm a l s ta te , of w hich th e  well known therm ofield- 
double s ta te  is only one exam ple. O ne m ight th en  ask: which of these s ta tes  is th e  op tim al 
purifica tion  of th e  th e rm a l s ta te  in th e  sense of having m inim al com plexity, and  w hat makes 
th is  purification  special?
We leave these in teresting  questions, as well as m any others, for fu tu re  research.
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A  U nitary  operator for conform al transform ations
In  th is  append ix  we will review how th e  u n ita ry  op era to rs im plem enting conform al tra n s ­
form ations in equation  (2.6) can  be explicitly  co n stru c ted  in te rm s of field th eo ry  operato rs, 
specifically in te rm s of th e  V irasoro  generato rs L n . For th is, we will follow th e  p e rtu rb a tiv e  
approach  of append ix  E  of [57] and ex tend  it to  second order.
A .1  C o n fo rm a l  m a p s
L et us s ta r t  by considering a com pact sp a tia l d irection, i.e. x  €  [0 ,t]. T he usual coord inates 
for rad ia l q u an tisa tio n  are
(A.1a)
(A.1b)
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In the following, we dem and |w| =  1 ^  W  =  w 1 to  ensure x± € R. The energy-t X
m om entum  tenso r in these rad ia l coord ina tes is 19
T  ( w ) = J ^  Ln  w - n - 2 , (A.2a)
n
and  in th e  light-cone co o rd in a tes20
4n 2
T++ =  (w 2T (w ) +  const.) . (A .2b)
T his expression has to  be real, yielding th e  condition  Ln =  L - n  for th e  Virasoro generators  
L n , w hich satisfy  th e  well know n algebra
c
[Lm, Ln] =  (m  -  n)Lm +n +  ^ ( m 3 -  m )^m+n,0 (A.3a)
[Ln, c] =  0 (A.3b)
w here c is th e  central charge. A sm all conform al tran sfo rm atio n  in rad ia l coord inates is
w ^  w 1 =  w +  e(w ). (A.4)
and  sim ilarly  for w. T he function  e can be w ritten  as Fourier decom position
e =  ^  e„w -n + 1 . (A.5)
n
Since x /+ has to  be real as well, we need to  dem and
en =  —e - n  +  e - n 1 ■ en1 - n  +  O(e)3 (A .6)
w hich is th e  extension of th e  resu lt of [57] to  second order.
A .2  C o n fo rm a l  t r a n s f o r m a t io n s
U nder a conform al transfo rm ation , th e  energy-m om entum  tenso r transfo rm s as
T (w /) =  ( 2 ¾  ( T (w ) - 1 2 S (w /,w )) , (A .7)
w here S (w /,w ) is th e  S chw arzian  deriva tive
S < w /.w )=  ( 1 ¾ ^ ) -1 -  3  ( ¾ 2 ( ¾ -2  - ( A , )
19Of course, this is only the chiral part of the energy-momentum tensor, similar relations hold for the 
anti-chiral part T(w).
20The const. is related to the Casimir energy on the cylinder. Note however that later we will send £ e  to.
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O ur goal is to  explicitly  co n stru c t an  o p era to r U(e) th a t  generates th is  tran sfo rm atio n  to  
second order in e. In  order to  do th is, we ca lcu late  th e  change of th e  energy-m om entum  
ten so r to  be
£T  (w) =  T (w ) — T  (w) (A.9a)
=  —e(w )T ;(w) — 2T  (w )e;(w) — E  ce(3)(w)
+  -1  ce(4) (w )e(w ) +  1  ce/;(w ) 2 +  1  ce(3)(w )e;(w) +  1  e (w )2T w(w)
12 8 4 2
+  3e(w )T /(w )e/(w) +  2T  (w )e(w )e//(w) +  3T  (w )e/(w )2, (A.9b)
w here th e  second line is th e  first o rder result also found in [57]. At th e  sam e tim e, we have 
£T(w ) =  ^ n 5Lnw —n —2 and  consequently
=  en [L , L-n] +  2 E  enem [L—n, [L-m, ] ] + E  -  4 enem [Lk , L-n-m]+ ° ( e)3,
n m,n m,n
(A .1 0a)
== U fL fc U —L k. (A.10b)
D efining L  =  ^ n en L —n , th e  first o rder resu lt of [57] was U (e) =  eL up  to  te rm s of order 
O (e2). T he second te rm  we o b ta in  in (A .10a) also arises from  th is  form  of U as is obvious 
from  th e  form ula eX Y e —X  =  Y  +  [X, Y ] +  1 [X, [X, Y ]] +  . . . . However, we have to  include 
a correction w hich produces th e  th ird  te rm . So for th e  form  of U (e) including te rm s of 
o rder O (e2), we m ake th e  ansa tz
U (e) =  eL+B (A .1 1 )
w here B is an  o p era to r of O (e2). E xam in ing  (A .10) yields
x—̂ m  +  n  — 2 . .
B /  j 4 emen L —n— (A .12)
m,n
L et us perform  some consistency checks. For U to  be un itary , B has to  satisfy
(L +  B )f =  —L —B +  O (e )3, (A.13)
w hich (A .12) does, using (A .6) . F u rtherm ore , we require th a t  th e  inverse conform al t ra n s ­
fo rm ation  yields th e  inverse u n ita ry  opera to r. C alcu lating  th e  inverse tran sfo rm atio n  yields
w =  w / +  e inv'(w /), e“ v' =  —en +  2  E  e n i£n—n i (2 — n) +  O (e )3. (A.14)
ni
T he subleading term s arise since e inv' is expanded  w ith  respect to  w / and  no t w. T his 
resu lting  condition  is
U (einv') =  U (e )f =  e—L—B. (A.15)
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B ls q u ad ra tic  ln e and hence Identical up  to  second o rder for e and  e inv'. Therefore, th is  
consistency condition  can  also be used to  d eterm ine B, yielding th e  sam e resu lt as ob ta ined  
in (A .12) .
T his determ ines U (e) in (A .1 1 ) up  to  term s of order O (e3) ,21 and  up  to  a possible
com plex phase shift B ^  B + iff (ft €  R ), as equa tion  (A .10a) only depends on com m utato rs
of B. T his will p lay a role in th e  nex t section.
A .3  P r o d u c t s
W h a t happens if we do tw o conform al tran sfo rm atio n s e (1,2) a fte r each o ther?  It should be 
possible to  w rite th is  as one conform al tran sfo rm atio n
w ' =  w +  e (1) (w) (A.16a)
w '' =  w ' +  e (2) (w ') =  w +  e (3) (w) (A.16b)
e (3) (w) =  e (1) (w) +  e (2)(w +  e (1)(w))
=  e (1) (w) +  e (2) (w) +  e (2)'(w )e (1) (w) +  O (e3). (A.16c)
Consequently, we o b ta in
e (3) =  e (1) +  e (2) +  X X 1 _  n )e (1) e (2) (A 1 7 )- 'm  1 '-m  1 /  j V x  ,v)  * v,-4 1 - * - 1- 1 j
n
Using th e  B aker-C am pbell-H ausdorff  form ula
eX eY =  eZ , Z  =  X  +  Y  +  2  [X, Y] +  1^  [X, [X ,Y]] +  . . .  (A.18)
it is possible to  show th a t  indeed
U (e(3)) w U (e(2))U (e (1)) (A.19)
up  to  te rm s of order O (e3) and  up to an  e-dependen t com plex phase th a t  is p roportional 
to  th e  cen tra l charge c and  stem s from  th e  co m m u ta to r [L(e(1)) ,L ( e (2))].
T here  are a few com m ents ab o u t th is in order. F irs t of all, in th e  previous subsection 
we no ted  th a t  th e  requirem ent th a t  th e  op era to rs U (e) in (A .1 1 ) generate  conform al tra n s ­
form ations (A .9a) does no t fix an  overall com plex phase of these operato rs, so we m ight 
define an  en tire  equivalence class of op era to rs (all equal up  to  a com plex phase) and  say 
th a t  each such equivalence class generates th e  sam e conform al transfo rm ation . T his m eans 
th a t  th e  op era to rs  U (e) form  a p ro jective rep resen ta tion  of th e  V irasoro  group. A cting 
w ith  such op era to rs on a s ta te  like |0 ) would th en  d eterm ine th e  resu lting  s ta te  only up 
to  a com plex phase. For our  purposes, th is  is sufficient, as we assum e th a t  s ta te s  th a t  
differ only by a com plex phase have th e  sam e com plexity  [10] .22 U pon inspecting  equa­
tio n  (1.4) , th e  reader will also notice th a t  fidelity susceptib ility  would not depend  on an 
overall com plex phase of one of th e  s ta tes  either.
21 We see that for a small SGD these operators are simple in the sense of [32].
22I.e. we assume physical states to be defined modulo overall phase. From the holographic perspective, this 
also makes sense as we could try to take a state with a holographic dual and reconstruct its bulk geometry 
from data about entanglement entropies of subregions. This reconstruction will not depend on the overall 
phase, so neither should other geometrical probes that can be calculated from the reconstructed bulk.
-  21 -
JH
E
P
05(2019)003
A more formal treatm ent of the operators U(e), taking care of the extra phases in­
troduced by the central charge c =  0 would have to take into account the Bott-cocycle as 
outlined in [69].
A .4 R eal space
Let us return to our previous notation. The conformal transformation induced by the 
SGD is
x+ =  G+(x+) =  x+ +  a  g+ (x + ) . 
Comparison with (A.1a) and (A.4) yields the identification
/  2ni \  e
exp —a ^  • g+ = 1 +  w
The Fourier decomposition of g+ is
g+ =  ^  g+,nw' n ,
n
g+,n =  g+ ,-n .
(A.20)
(A.21)
(A.22a)
(A.22b)
Here we have to be careful: the Fourier decomposition of e is with respect to w, whereas the 
Fourier decomposition of g+ is with respect to w'. This produces an additional contribution 
when expressing en in terms of g+,n . Up to second order in g+, we obtain
e 2 n i 2 2 n 2 2
w  ^ " a  —  • g+ - a  • g+> (A.23a)
(A.23b)
Expressing the previous results in terms of g+ yields
$L m =  a  g + ,n [L m , L - n ] a  .,2 g + ,n ig + ,n 2 [L - n i , [L - n 2 , L m ]]
2
+  a 2 F  E (n i +  n2)g+  ,n1 g+ ,n 2 [Dmo L—n1- n 2 ] +  O(a) (A.24a)
+  ^2 X ! (^ 1  +  « 2)g+,nig+,n2L - n i - n  +  O (o )3.
ni
(A.24b)
This operator is unitary, keeping in mind tha t g+,n =  g+,- n . Now, let us carefully take the 
limit of an infinite spatial cycle, i.e. £ rc>. For that, we define
(A.25)
3
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t t /  \ 1 2n i  2 2 n 2 \
U (g+ ) =  1 — O ~jT  /  j g +,nL - n  — O’ j 2 /  -- g +,nig +,n2 L - n i  L - n 2
n ni
2n i  2 2 (n  — 1 )n 2 ^
£n ~  — o  g +,n +  O j 2 2 . ^ g+,ni g+ ,n -n i .
ni
The expansions in w are Fourier transformations in this limit23
g+ ( £ + ) = /  f  ■ g+,̂ 5 exp(—2ni ■ £+ ■ £),
T++ (x+) =  —4n2 j  ^ ■ Lhą exp(—2ni ■ x+ ■ {).
L(«)
(A.26b)
(A.26a)
The operator we look at consequently is
U(g+) =  1—̂  2ni y  g+(C)L(—C)—̂ 2 2nV /  d6 d6  g+ (6 )g+(6 )L(- 6 )L(—̂  
+ ^ 2 ^ 2 U  d^1d 2̂ (^1+^2)g+ (C1)g+(C2)L(—̂ 1—6 (A.:(A.27a)
=  1 + .  2 n  J  dx  9 + ( x ) ^ T + + ( x ) - a 2 ^ J J  d x \ d x 2 9 + (x i)g +  (x 2> T + + (x i)T + + (x 2) 
- . 2 J J  d x 1d x 2 9+ (x i)g + (x 2)̂  T++ ( x i+ x 2) + O ( . ) 3 (A .27b)
and similarly for U (g- ).
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